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BOUNDS FOR THE ℓ-TORSION IN CLASS GROUPS
MARTIN WIDMER
Abstract. We prove for each integer ℓ ≥ 1 an unconditional upper bound for the
size of the ℓ-torsion subgroup ClK [ℓ] of the class group of K, which holds for all
but a zero density set of number fields K of degree d ∈ {4, 5} (with the additional
restriction in the case d = 4 that the field be non-D4). For sufficiently large ℓ this
improves recent results of Ellenberg, Matchett Wood, and Pierce, and is also stronger
than the best currently known pointwise bounds under GRH. Conditional on GRH
and on a weak conjecture on the distribution of number fields our bounds also hold
for arbitrary degrees d.
1. Introduction
In this article we prove for each integer ℓ ≥ 1 an unconditional upper bound for the
size of the ℓ-torsion subgroup ClK [ℓ] of the class group of K, which holds for all but a
zero density set of number fields K of degree d ∈ {4, 5} (with the additional restriction
in the case d = 4 that the field be non-D4). For sufficiently large ℓ these results improve
results of Ellenberg, Matchett Wood, and Pierce [12], and are also stronger than the best
currently known pointwise bounds assuming GRH due to Ellenberg and Venkatesh [11].
Conditional on GRH and on a weak conjecture on the distribution of number fields our
bounds also hold for arbitrary degrees d.
We always assume X ≥ 2, and that ℓ is a positive integer. We shall use the O(·),
≪, and ≫ notation; throughout the implied constants will depend only on the indicated
parameters. Denote the modulus of the discriminant of the number field K by DK , and
its degree [K : Q] by d.
Bounding #ClK [ℓ] by the size of the full class group, and using a classical bound
(see, e.g., [16, Thm 4.4]) yields the trivial bound1
#ClK [ℓ]≪d,ε D
1/2+ε
K .(1.1)
While it is conjectured (see, e.g., [11, Conjecture 1.1], [9, Section 3] and [25]) that
#ClK [ℓ]≪d,ℓ,ε D
ε
K ,
unconditional nontrivial bounds that hold for all number fields of degree d are known
only for ℓ = 2, and for d ≤ 4 and ℓ = 3. For d = ℓ = 2 the conjecture follows from
Gauss’ genus theory, whereas for (d, ℓ) = (2, 3) the first nontrivial bounds were obtained
by Pierce [17, 18], and Helfgott and Venkatesh [14]. Currently the best bound is
#ClK [3]≪ε D
1/3+ε
K
due to Ellenberg and Venkatesh [11] which holds also for cubic fields. Moreover, they
established a nontrivial bound for quartic fields (with, e.g., an exponent 83/168 + ε
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provided K is an S4 or A4−field). Another, very recent, breakthrough due to Bhargava,
Shankar, Taniguchi, Thorne, Tsimerman, and Zhao [3] provides for arbitrary d the bound
#ClK [2]≪d,ε D
1/2−1/(2d)+ε
K ,
and for d ∈ {3, 4} they can even take the exponent 0.2784.
Regarding general ℓ there are only conditional results, assuming GRH. The latter is
used to guarantee the existence of many small splitting primes; the idea of using these to
investigate torsion in class groups has been around for a while, see, e.g., [6, 22]. However,
Ellenberg and Venkatesh [11] have greatly extended this strategy, and proved the first
(although conditional on GRH) nontrivial general upper bound
#ClK [ℓ]≪d,ℓ,ε D
1/2−1/(2ℓ(d−1))+ε
K .(1.2)
So much for pointwise bounds; regarding results on the average Davenport and Heil-
bronn [8] showed that ∑
[K:Q]=2
DK≤X
#ClK [3] ∼ 5/(3ζ(2))X,
and Bhargava [1] established the asymptotics for 2-torsion in cubic fields
∑
[K:Q]=3
DK≤X
#ClK [2] ∼ 23/(16ζ(3))X.
No other asymptotics are known but Heath-Brown and Pierce [13] proved that for primes
ℓ ≥ 5 ∑′
[K:Q]≤2
DK≤X
#ClK [ℓ]≪ℓ,ε X
3/2−3/(2ℓ+2)+ε,
where the apostrophe indicates that the sum is restricted to imaginary quadratic fields.
Recently Ellenberg, Matchett Wood, and Pierce [12, Corollary 1.1.1 and 1.1.2] established
the first nontrivial unconditional average bounds for arbitrary ℓ.
Corollary 1.1 (Ellenberg, Matchett Wood, and Pierce). Suppose d ∈ {2, 3, 4, 5}, ℓ(2) =
ℓ(3) = 1, ℓ(4) = 8, ℓ(5) = 25, and ε > 0. As K ranges over degree d number fields with
DK ≤ X (and non-D4 in the case d = 4), we have
∑
K
#ClK [ℓ]≪ℓ,ε X
3/2−1/(2ℓ(d−1))+ε
if ℓ ≥ ℓ(d), and we have
∑
K
#ClK [ℓ]≪ℓ,ε X
3/2−δ0(d)+ε
if ℓ < ℓ(d), where δ0(4) = 1/48 and δ0(5) = 1/200.
Corollary 1.1 is an immediate consequence of their main result [12, Theorem 1.1]
(see Theorem 1.2 below) which is unconditional, and gives upper bounds of the same
size as the conditional result (1.2) outside a family of density zero, provided d ≤ 5
and ℓ is sufficiently large. To state their result in a uniform way we additionally set
δ0(2) = δ0(3) = 1.
Theorem 1.2 (Ellenberg, Matchett Wood, and Pierce). Suppose d ∈ {2, 3, 4, 5}, and
ε > 0. Then for all but Oℓ,ε(X
1−min{1/(2ℓ(d−1)),δ0(d)}+ε) degree d number fields K with
DK ≤ X (and non−D4 when d = 4) we have
#ClK [ℓ]≪ℓ,ε D
1/2−min{1/(2ℓ(d−1)),δ0(d)}+ε
K .
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Very roughly speaking, Ellenberg, Matchett Wood, and Pierce’s strategy is to show
that “most fields” have sufficiently many small splitting primes, and then to apply the
general strategy of Ellenberg and Venkatesh (see Proposition 2.1 in Section 2). We follow
this approach but combine it with a new idea, showing that for “most” number fields
the smallest height of a primitive element is significantly bigger than in the worst case
scenario, at least2 when d ≥ 4. Therefore, our main result improves (see Corollary 1.4)
the quartic and quintic case of Theorem 1.2 and consequently Corollary 1.1 (see Corollary
1.5).
Theorem 1.3. Suppose d ∈ {4, 5}, 0 < γ ≤ 1/(d + 1), and ε > 0. Then for all
but Oℓ,γ,ε(X
1−min{γ/ℓ,δ0(d)}+ε +Xγ(d+1)) degree d number fields K with DK ≤ X (and
non−D4 when d = 4) we have
#ClK [ℓ]≪ℓ,γ,ε D
1/2−min{γ/ℓ,δ0(d)}+ε
K .
We set ℓ4 = 10 and ℓ5 = 34. With γ = ℓ/(ℓ(d + 1) + 1) if ℓ ≥ ℓd and γ = (1 −
δ0(d))(d+ 1) otherwise we have 1−min{γ/ℓ, δ0(d)} = γ(d+ 1), and hence Theorem 1.3
yields immediately the following corollary which improves the quartic and quintic case
of the main result [12, Theorem 1.1] when ℓ > 7 (d = 4) and ℓ > 24 (d = 5) respectively.
Corollary 1.4. Suppose d ∈ {4, 5}, and ε > 0. If ℓ ≥ ℓd then for all but Oℓ,ε(X
1−1/(ℓ(d+1)+1)+ε)
degree d number fields K with DK ≤ X (and non−D4 when d = 4) we have
#ClK [ℓ]≪ℓ,ε D
1/2−1/(ℓ(d+1)+1)+ε
K .
If ℓ < ℓd then for all but Oℓ,ε(X
1−δ0(d)+ε) degree d number fields K with DK ≤ X (and
non−D4 when d = 4) we have
#ClK [ℓ]≪ℓ,ε D
1/2−δ0(d)+ε
K .
Corollary 1.4 and dyadic summation, using the trivial bound (1.1) for the exceptional
fields, yields our next result which improves the quartic and quintic case of [12, Corollary
1.1.1].
Corollary 1.5. Suppose d ∈ {4, 5}, and ε > 0. As K ranges over degree d number fields
with DK ≤ X (and non-D4 in the case d = 4), we have
∑
K
#ClK [ℓ]≪ℓ,ε X
3/2−1/(ℓ(d+1)+1)+ε
if ℓ ≥ ℓd, and we have ∑
K
#ClK [ℓ]≪ℓ,ε X
3/2−δ0(d)+ε
if ℓ < ℓd.
Bhargava [1, 2] proved that the conjectured asymptotics cdX for the number of degree
d fields K with DK ≤ X holds true for d ∈ {4, 5}, and in the case d = 4 also (with a
different positive constant) when restricting to non-D4 fields. Thus, applying Theorem
1.3 with γ = 1/(d+ 1)− ε we get the following corollary.
Corollary 1.6. Suppose d ∈ {4, 5}, and ε > 0. If ℓ ≥ ℓd then for 100% of non-D4 degree
d fields (when enumerated by modulus of the discriminant) we have
#ClK [ℓ]≪ℓ,ε D
1/2−1/(ℓ(d+1))+ε
K .
Moreover, if 1 ≤ ℓ < ℓd then for 100% of non-D4 degree d fields we have
#ClK [ℓ]≪ε D
1/2−δ0(d)+ε
K .
2Actually, we do not know whether for “most” cubic fields the smallest generator is significantly
bigger than in the worst case scenario, but Ruppert [20, Proposition 2] has shown that this is definitely
not the case for quadratic fields. Consequently, we only get an improvement if d ≥ 4 although Theorem
1.3 and its proof remain valid for d ∈ {2, 3}.
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We now turn to more general but conditional results.
Theorem 1.7. Suppose m | d, F is a number field of degree m, and ε > 0. Assume
GRH, and additionally that there are ≫F,d X number fields K of degree d with DK ≤ X,
and containing F . Then for 100% of degree d fields K containing F we have
#ClK [ℓ]≪d,ℓ,ε D
1/2−m/(ℓ(m+d))+ε
K .
So here we get an exponent which depends only on d/m (the degree of K/F ) but is
independent of the degree of K/Q. The proof of Theorem 1.7 actually provides a more
precise quantitative result analogous to Theorem 1.3.
Datskovsky and Wright [7, Theorem 4.2 and Theorem 1.1] have shown that there
are ≫F,d X number fields K of degree d with DK ≤ X , and containing F , provided
2 ≤ d/m ≤ 3, and recent work of Bhargava, Shankar, and Wang [4, Theorem 1.1] implies
that this holds even for 2 ≤ d/m ≤ 5. Hence, we get the following corollary.
Corollary 1.8. Suppose m | d, 2 ≤ d/m ≤ 5, F is a number field of degree m, and
ε > 0. Assume GRH. Then for 100% of degree d fields K containing F we have
#ClK [ℓ]≪d,ℓ,ε D
1/2−m/(ℓ(m+d))+ε
K .
2. Ellenberg and Venkatesh’s Key Lemma
Let
HK(α) =
∏
v∈MK
max{1, |α|v}
dv
be the relative multiplicative Weil height of α ∈ K. Here MK denotes the set of places
of K, and for each place v we choose the unique representative | · |v that either extends
the usual Archimedean absolute value on Q or a usual p-adic absolute value on Q, and
dv = [Kv : Qv] denotes the local degree at v. Note that this is exactly the height in [11,
(2.2)] for the principal divisor (α, (α)) associated to α ∈ K×. We also use the following
invariant
η(K) = inf{HK(α);K = Q(α)},
introduced by Roy and Thunder [19], and also studied3 in [23, 24]. First we use the
fact that the proof of the key lemma [11, Lemma 2.3] of Ellenberg and Venkatesh proves
actually the following stronger statement. Recall from [11] that a prime ideal p of OK is
said to be an extension of a prime ideal from a subfield K0 ( K if there exists a prime
ideal p0 of OK0 such that p = p0OK . If p and p0 are non-zero prime ideals in OK and
OK0 respectively and p | p0OK then we say p is unramified in K/K0 if p
2 ∤ p0OK .
Proposition 2.1 (Ellenberg and Venkatesh). Suppose K is a number field of degree d,
η(K) > DγK, δ < γ/ℓ, and ε > 0. Moreover, suppose p1, . . . , pM are M prime ideals in
OK of norm N(pi) ≤ D
δ
K that are unramified in K/Q and are not extensions of prime
ideals from any proper subfield of K. Then we have
#ClK [ℓ]≪d,ℓ,γ,ε D
1/2+ε
K M
−1.
Proof. Exactly as in [11, Lemma 2.3] with K0 = Q except that we replace their Lemma
2.2 by the hypothesis η(K) > DγK . 
Ellenberg [10, Proposition 1] pointed out that the proof of [11, Lemma 2.3] even pro-
vides the stronger conclusion #ClK [ℓ]≪d,ℓ,ε D
1/2+ε
K MK , where MK := infT (T
−1/ℓ(1 +
N ′K(T ))), and N
′
K(T ) denotes the number of primitive elements in K of (relative) height
at most T .
3In the cited works the author used the absolute instead of the relative height, and denoted the
invariant by δ(K).
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3. The main proposition
Let d > 1 be an integer. We set
SQ,d = {K ⊂ Q; [K : Q] = d}(3.1)
for the collection of all number fields of degree d. For a subset S ⊂ SQ,d we set
BS(X ;Y,M) := {K ∈ S;DK ≤ X, at most M primes p ≤ Y split completely in K},
PS := {α ∈ Q;Q(α) ∈ S},
NH(PS , X) := #{α ∈ PS ;HQ(α)(α) ≤ X}.
We can now formulate our main proposition.
Proposition 3.1. Suppose S ⊂ SQ,d and θ > 0 are such that
NH(PS , X)≪S,θ X
θ.
Let γ > 0, ε > 0, δ˜0 > 0, δ0 := min{γ/ℓ− 2ε, δ˜0}, and Eδ0,ε(·) be an increasing function
such that
BS(X ;X
δ0, Xδ0−ε) ≤ Eδ0,ε(X).
Then we have
#ClK [ℓ]≪d,ℓ,γ,ε D
1/2−δ0+2ε
K
for all but OS,θ((logX)Eδ0,ε(X) +X
γθ) fields K in S with DK ≤ X.
Proof. We set κi = log2X − [log2X ] + i, and for 1 ≤ i ≤ [log2X ]
Dδ0,γ(i) = {K ∈ S; 2
κi−1 < DK ≤ 2
κi, η(K) > DγK ,K /∈ BS(2
κi ; 2κiδ0 , 2κi(δ0−ε))}.
By Hermite’s Theorem the inequality (3.2) below trivially holds true for all K ∈ S with
DK ≤ 2
δ0/ε; so let’s assume DK > 2
δ0/ε. Note that for K ∈ Dδ0,γ(i) there exist ≥ D
δ0−ε
K
primes p ≤ (2DK)
δ0 < Dδ0+εK that split completely in K. Since δ0 + ε < γ/ℓ we can
apply Proposition 2.1 with δ = δ0 + ε and M = ⌈D
δ0−ε
K ⌉. Hence, we have shown that
#ClK [ℓ]≪d,ℓ,γ,ε D
1/2−δ0+2ε
K(3.2)
for all K ∈ ∪iDδ0,γ(i). Next, we note that
# ∪i Dδ0,γ(i)
≥ #{K ∈ S;DK ≤ X} −
∑
i
#BS(2
κi ; 2κiδ0 , 2κi(δ0−ε))−#{K ∈ S;DK ≤ X, η(K) ≤ D
γ
K}.
By hypothesis #BS(2
κi ; 2κiδ0 , 2κi(δ0−ε)) ≤ Eδ0,ε(2
κi), and since 2κi ≤ X we conclude
∑
i
#BS(2
κi ; 2κiδ0 , 2κi(δ0−ε)) ≤ (log2X)Eδ0,ε(X).
Finally, we observe that the image of the map α→ Q(α) with domain
{α ∈ PS ;HQ(α)(α) ≤ X
γ}
covers the set
{K ∈ S;DK ≤ X, η(K) ≤ D
γ
K},
and using the hypothesis we conclude that
#{K ∈ S;DK ≤ X, η(K) ≤ D
γ
K} ≤ NH(PS , X
γ)≪S,θ X
γθ.
Hence, we have shown that for all but OS,θ((logX)Eδ0,ε(X) +X
γθ) fields K in S with
DK ≤ X we have #ClK [ℓ]≪d,ℓ,γ,ε D
1/2−δ0+2ε
K . 
6 MARTIN WIDMER
4. Proofs of the Theorems
4.1. Upper bounds for NH(PS , X). Let F be a number field of degree m | d, and
define
SF,d := {K ⊆ Q; [K : Q] = d, F ⊆ K}.
Applying Schmidt’s [21, Theorem] with Schmidt’s (K, k, d, n) replaced by our (F,m, d/m, 1)
shows that the number of P = (1 : α) ∈ P1(Q) with [F (α) : F ] = d/m and HF (P ) ≤ X
(for Schmidt’s projective field height [21, (1.2)]) is ≪m,d X
d/m+1. Since HF (P ) =
HF (α)(α) we conclude that
#{α ∈ Q; [F (α) : F ] = d/m,HF (α)(α) ≤ X} ≪m,d X
d/m+1.
Note that if α ∈ PSF,d then [F (α) : F ] = d/m and Q(α) = F (α) so that HQ(α)(α) =
HF (α)(α). Therefore,
NH(PSF,d , X)≪m,d X
d/m+1.(4.1)
4.2. Proof of Theorem 1.3. Let S∗Q,4, the set of all non-D4 number fields of degree
4. We apply Proposition 3.1 with S = S∗Q,4 if d = 4, and with S = SQ,5 if d = 5. As
explained in Section 4.1 we can take θ = d + 1. Let ε > 0, and set δ˜0 := δ0(d) so that
δ0 = min{γ/ℓ− 2ε, δ0(d)}. By [12, Proposition 6.1] and [12, Theorems 2.2 and Theorem
2.3] we have4 (cf. [12, Proposition 7.1])
#BS(X ;X
δ0,
c0(d)
2
Xδ0(logXδ0)−1)≪ε X
1−δ0+ε,
provided X is sufficiently large in terms of δ0. Hence,
#BS(X ;X
δ0 , Xδ0−ε)≪ℓ,γ,ε X
1−δ0+ε.
Thus we can take Eδ0,ε(X) = Cℓ,γ,εX
1−δ0+ε for a sufficiently large constant Cℓ,γ,ε. We
conclude from Proposition 3.1 that for all but Oℓ,γ,ε(X
1−δ0+2ε +Xγ(d+1)) fields K ∈ S
with DK ≤ X we have #ClK [ℓ]≪ℓ,γ,ε D
1/2−δ0+2ε
K . Since δ0 ≥ min{γ/ℓ, δ0(d)} − 2ε and
ε > 0 was arbitrary the statement of Theorem 1.3 follows.
4.3. Proof of Theorem 1.7. We will apply Proposition 3.1 with S = SF,d. From
Section 4.1 we known that we can take θ = d/m+1. Let 0 < ε < m/(3ℓ(d+m)), choose
δ˜0 = 1 and γ = m/(d+m)− ℓε, so that δ0 = min{γ/ℓ− 2ε, δ˜0} = m/(ℓ(d+m))− 3ε > 0.
Since we assume GRH we can apply Lagarias and Odlyzko’s effective Chebotarev density
Theorem [15] to the normal closure ofK ∈ S to deduce5 that for everyK ∈ S the number
of primes p ≤ Y that split completely in K is > Y 1−ε
′
, provided Y ≥ (logDK)
2 and
Y ≥ Y0(F, d, ε
′). Setting Y = Xδ0−ε and ε′ = ε/δ0 we conclude that for all X large
enough the set BS(X ;Y, Y
1−ε′) is empty, and hence we have for all X ≥ 2
#BS(X ;X
δ0 , Xδ0−ε)≪F,d,ℓ,ε 1.
Now we can apply Proposition 3.1 to conclude that for all but OF,d,ℓ,ε(X
1−ℓε(d+m)/m)
fieldsK of degree d withDK ≤ X and containing F we have #ClK [ℓ]≪d,ℓ,ε D
1/2−m/(ℓ(d+m))+5ε
K .
By hypothesis there are ≫F,d X number fields K of degree d with DK ≤ X , and con-
taining F . Since ε > 0 was arbitrarily small the statement of Theorem 1.7 follows.
4Here , as in [12, Proposition 7.1], c0(d) denotes a positive constant depending only on d.
5We use that the degree of the normal closure L of K is at most d! and that logDL ≤ 2(d!)
2 logDK
since each prime that ramifies in L must ramify in K, and the order to which a rational prime divides
DL is bounded from above by 2[L : Q]
2 (cf. [5, Theorem B.2.12.]).
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